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Layering Transition in SOS Model with
External Magnetic Field
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For the SOS model defined by the Hamiltonian H(#)=13 (. s |#.— .| +
hY. ¢, where ¢, §.€{1,2,..}, h>0, xeZ% d=2, it is shown that in the
low-temperature region an infinite sequence of first-order phase transitions takes
place when £ — 0 and the temperature is fixed.
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1. INTRODUCTION

The solid-on-solid (SOS) model is the simplest model of random surfaces
and a large number of different effects can be studied in its framework.
Reference 1 may serve as a general review of surface statistical physics and
ref. 3 contains a detailed investigation of various SOS models.

In the most visualizable case d=2 our discrete two-dimensional sur-
face lives in the upper half-space of R Due to thermal fluctuations this
surface is repelled from the lower half-space as from a rigid wall, while an
external magnetic field acts as an attractive potential. We prove that the
competition between the entropic repulsion and the attractive potential
results in the following behavior of the model. For sufficiently large inverse
temperature § and for the magnetic field 4 of order (1/8)e~** the surface
is localized at the level k. When the value of 4 decreases from (1/8) e 4%
to (1/8) e ~**+1) then at some point A} two phases become stable in the
thermodynamic limit. They are localized at levels k and k + 1, respectively.
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Up to the first-order terms of the perturbation theory the value A} was
calculated in ref. 3, which also contains a transparent qualitative explana-
tion of the layering transition phenomenon as well as a deep analysis of
related questions.

The investigation of the layering transition in the semi-infinite Ising
model seems to be the most natural generalization of our study and it will
be the subject of a forthcoming paper. In fact, this result was announced
in ref. 2 and then it was partially proven in ref. 7, but the full proof still is
absent in the literature.

In a recent paper'® the localization of the surface was established for
the Gaussian SOS model but in different settings.

The SOS model with two-sided constraints was studied in ref. 11, the
methods of which are close to our scheme, but the proof here is more direct
and simple.

The next section contains an exact formulation of the result as well as
its proof. Our approach is based on the cluster expansion technique,® %!
on the Pirogov-Sinai theory,!'>'*!> and on the dominant ground-states
theory."*® In contrast with refs.4, 6 and 11, we do not use so-called
contour models with interaction. In the proof we concentrate mainly on
the detailed construction of the cluster expansion for the logarithm of the
partition function for the simplest case d=2 and h¢ [A} —e, h¥ +¢]. This
obviously proves the existence of the limit Gibbs measure for given values
of parameters. After the cluster expansion is constructed the proof of the
uniqueness of the corresponding Gibbs measure as well as the investigation
of the vicinity of 2} become a standard application of the Pirogov-Sinai
theory. So we give only a sketch of the corresponding proofs. The
generalization on the case d > 3 seems to be straightforward and is omitted.

2. MODEL, RESULTS, AND PROOF

The model under consideration is defined by the Hamiltonian

H(¢)=3% Y 16— ¢l +hY ¢, (2.1)

(xx'>

where ¢, ¢ €Z* = {1,2,.} are the spin variables at sites x, x'€ Z% h>0
is the external magnetic field; the first sum is taken over all nearest-
neighj)or pairs {x, x'>eZ“ and the second one extends over all sites
xeZ’

For the sake of simplicity we fix d=2. The case d>2 can be treated
in an analogous way. For any finite volume V'<Z? and for any fixed
configuration ¢’ on its complement V<= ZV let
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Hgvldv)=1 Y Id—9.l

{x,x'>eV

+3 ) $e—del+h ) ¢, (22)

(e, x'Y:xeV,x' eV xXevV

be a conditional Hamiltonian and let
E(V|¢\)=) exp{—BH(d, | $})} (23)
(1%

be the corresponding partition function in the volume ¥ with the boundary
condition ¢}.. Here and below f is the inverse temperature and the nota-
tion ¢, is used for the configuration in the volume V, ie., for the function
¢y V> Z*. Denote by ¢**) the configuration with ¢'*’=k for all xe Z2
Our result is given by the following theorem.

Theorem 2.1. There exist a constant i, and a sequence of con-
tinuous functions A¥(B), k=1, 2,.. [A¥(B)N0 as k- oo and B is fixed],
such that for any f > 8, the following hold true:

(i) IfhX(B)<h<hf_(B) [hF(P)= +o0], then the model possesses
a unique Z2-periodic Gibbs state generated by the boundary condition ¢,

(ii) If h=~h#(p), then the set of Z*-periodic extremal Gibbs states

contains precisely two elements generated by the boundary conditions ¢'*’
and ¢+,

Proof. Every configuration ¢ of the SOS model can be naturally
considered as a surface imbedded into R>. To get this surface we draw
the horizontal (i.e., parallel to Z?) unit plaquettes centered at the points
(x,$.)eZ*xZ* and for every pair of nearest neighbors (x, x'>eZ? we
draw the sequence of |¢ . — ¢'.| stacked vertical (orthogonal to Z?) plaquet-
tes centered at the points (y, a), (¥, a+ 1),..., (», b), where y=(x+x")/2,
a=min{¢,, ¢, )+ 35, b=max(g,, d.)— 3 Geometrically the surface ¢
consists of horizontal “ceilings” and vertical “walls.”

Let a horizontal section of the surface ¢ be a subset of the vertical pla-
quettes of ¢ centered at the same horizontal plane. Every horizontal section
of the surface ¢ can be uniquely decomposed onto connected components.
A union of the components having the same projection on the underlying
dual lattice Z2=Z2 + (4, 1) we call a cylinder and we treat the surface ¢ as
the collection of the cylinders.

Formally we define a cylinder as a triple y=(J, E, I), where §(y) is
called the base of the cylinder, E(y) is called the external or starting level
of the cylinder, and I(y) is called the internal or ending level of the cylinder.
The base 7 is defined as a connected set of bonds of Z? such that only an
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even number of bonds passes through every point y e Z2; E(y) and I(y) are
distinct positive integers. The value S(y)=sign(I(y)— E(y)) is called the
sign of the cylinder and L(y) = |I(y) — E(y)| is called the length of the cylin-
der. The interior of the cylinder 7(y)=7(j(y)) is the set of points x e Z?
enclosed by 7(y). The configuration ¢(y) such that ¢(y).= E(y), if xep*
and ¢(y).=I(y), if xe7 naturally corresponds to the cylinder y and the
geometry of the surface ¢(y) justifies our notations and our terminology.
Obviously § is the projection on Z? of the vertical wall of ¢, E(y) is the
level of the ceiling which is adjacent to the vertical wall of y from the
exterior, and I(y) is the level of the ceiling which is adjacent to the vertical
wall of y from the interior. To establishing the one-to-one correspondence
between the set of configurations and the set of collections of cylinders we
ntroduce the compatibility condition for cylinders.

The cylinders y'= (3, E',I') and y"= (3", E”, I") are weakly com-
patible if the following conditions are fulfilled:

(i) SO)=SOG"). ¥ny"' = and ' N} =; or S(y')=S(y") and
7' <7"; or S(y')=S(y") and " =¥'. (Here and further the sign — denotes
strict inclusion, in contrast with the sign & of weak inclusion.)

(ii) S(y)= =S(") and 7' n§"=F; or ()= —S(y"), ¥ =7", and
V¥ =@; or SO')=-S("), 7" =7, and ' N = .

The conditions (i)-(ii) differ slightly from the standard hard-cone con-
dition 7' N 7" = & because we mean that ' and " may have some number
of common bonds, if it is not mentioned that ' N 5" = . The cylinders y’
and 7" are compatible if, in addition, the following phase matching
condition are fulfilled:

(iii) E()=EQ")if 7' ny" = E)=10") if 7 =77 I(y') = E(y")
if <.

We say that cylinders y' and y” are separated by the cylinder y if ' <
Joj,or ' cjcy,ory cy, 7" <9 or §' <7, ¥ <7 A collection {y,} is
called a compatible collection of cylinders if any two its cylinders not
separated by the third one are compatible.

To construct the configuration ¢({y;}) uniquely corresponding to the
finite compatible collection of cylinders we introduce a partial order for
cylinders according to the partial order by’ inclusion for their interiors.
Maximal cylinders we call external cylinders. For any finite compatible
collection of cylinders {y;} all external cylinders in this collection have the
same external level E({y,}). Let y(x) denote the minimal cylinder from {y,}
such that 7(x)>x. We put ¢.({y,})=1I(y(x)) if y(x)# & and ¢.({y,})=
E({y;}) if y(x)=F (i.e. y(x) does not exist).
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To any cylinder y = (3, E, I) we assign the statistical weight
w(y) =exp{ —BL(y) 3| — BhS(y) L(y) 7] } (2.4)

where |§| denotes the number of bonds in , and |y| denotes the number
of sites in 7. For the configuration ¢ such that |{xeZ* ¢ #k}| <o we
obviously have

exp{ —BH(¢)} =exp{ —BH($)} [] w(r:(4)) (2.5)

This shows the equivalence of the geometric language of cylinders with the
original language of configurations. Both of them are used freely in the
sequel.
The proof of Theorem 2.1 is based on the cluster expansion technique.
As a first step the appropriate cluster representation for the partition
function (2.3) is obtained below after a number of transformations. Some
notations are needed. We write {y;,} e V* if E(y*')=k and 7' <V for
every external cylinder y* in the collection {y,}. We write {y;} e V% *)if
for y=(0V, kF 1, k) the extended collection {y,y;} remains compatible.
Here 3V € 22 denotes the boundary of ¥ and the volume V supposed to be
simply connected. With the help of the notations just introduced we
rewrite Z(V | ¢2) as
E(yWy=e P % [ w(y) (2.6)

{ripevi
and we also define slightly different partition functions
FYeE)=e M Y []w(y) (27)
{yite vkt

The role of the last two partition functions becomes clear because of the
following lemma.

Lemma 2.1. For any finite simply connected volume V and any
keZ*

E(V %)) = exp{ —Bhk |V}}
x Y TTwo)exp{Bul(y) |71} SGI»5) (238)

(rajese vike)
where V%) denotes any of V), V% +)and V* =) and {y,}** consists of
mutually external cylinders only.
Proof. The proof is standard."® ||

Another expression for (V) can be obtained by means of a
so-called “phase exchanging trick”'®'*) which is described below. We
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denote by [y;] a weakly compatible collection of cylinders, i.e., a collection
for which any two contours not separated by a third one are weakly
compatible. We write [y,]e V*) if E(y;)=k, ;< V for all cylinders of
[7:]. Analogously [y,Je V**) means that E(y,)=k for all cylinders of
[7;] and the extended collection {y,y,] with y=(dV,kF1,k) is still
weakly compatible.

Lemma 2.2. Let the renormalized statistical weight of y = (§, E, I)
be equal to

. N )
w(y) =exp{—pBL 31} E(GES) (2.9)

where S=S(y), L= L(y). Then for any simply connected volume V and
any keZ*
E(YE =tk S T w(y,) (2.10)
[rile vk i
Proof. For a unit volume Lemma 2.2 is obvious. Now we proceed by

the induction on V. Suppose that Lemma 2.2 is verified for all ¥’ < V. Then
Lemma 2.1 gives us

E(V*")=exp{ — Bhk [V}
x Y [Twy)exp{Bhl(y,) |7} S(7Iosom)

{y,-)‘“eV“‘"' i
=exp{—phk |V}
ex h[( ',) Vi = 'f_l(‘/i)-s(w))
T[S S0p )
{vi}te yk) exp{ﬂhk h’i|} E(7; )

x [exp{Bhk |74} E(F5M)]
The expression inside the first brackets is equal to w(y;) and the expression
inside the second brackets is equal to

l—[ w(y;)
] e S
due to the induction assumption. Therefore
Byey=e ey ] [ww,») Y I ww,-)]
[7'11 E)TEI(.S(',',)) j

{yitexte plkey

e S TG )
[rileviks)

Both representations (2.6)-(2.7) and (2.10) for the partition functions
E(V%)) have their pro and contra. The first one uses more controllable
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statistical weights w(-) but requires a more complicated (and, in fact, non-
local) compatibility condition. On the contrary, the second representation
uses a weak compatibility condition of hard-core type but the renormalized
statistical weights are less controllable. Our strategy is to find an optimal
balance between (2.6)-(2.7) and (2.10). For this purpose we introduce the
concept of an elementary cylinder. Generally speaking, we divide the class
of all cylinders into two subclasses. The cylinders from the first subclass we
call elementary cylinders and use special notations e = (£, E, I), &(e), L(e),
S(e) for them. The cylinders from the second subclass we call nonelemen-
tary cylinders and keep the notations y = (f, E, I), L(y), S(y) for them only.
The word “nonelementary” is usually omitted if it cannot lead to any
misunderstanding. The notation {y,; ¢;} is used for the compatible collection
of cylinders and elementary cylinders; the notation [v,;¢;] is used for the
weakly compatibie collection of cylinders and elementary cylinders. The
mixed notation {y;;¢;] is introduced for the collection of cylinders and
elementary cylinders with the following compatibility properties:

(i) All of the collection is weakly compatible.

(ii) For any pair of nonelementary cylinders y, and y,. not
separated by a third nonelementary cylinder, E;. =E;. if 7, nj;»=(J,
E.=I.ifj,cj.,and I, =E. if j. 7.

(1i) For any pair of elementary cylinders ¢;- and ¢;- not separated by
a nonelementary cylinder E; = E;..

(iv) For any pair of elementary cylinder ¢, and nonelementary
cylinder y; not separated by another nonelementary cylinder E;=E,; if
Enyi=0, E;=1;if§cy, and E;=E; (not E;=I!)if y,cg;.

To explain the notation {-;-] we note that the nonelementary part of
this collection is compatible, the elementary one is weakly compatible, and
some mixed compatibility condition is fulfilled between its elementary and
nonelementary parts. For every collection {y,;¢;] we put in corre-
spondence the configuration @({y;;¢;]) such that ¢ ({y:;¢;J)=I(y(x)) i
y(x) is a nonelementary cylinder, ¢ ({y;; ¢;]1) = E(y(x)) if y(x) is an elemen-
tary cylinder, and ¢ .({y;;¢;1) = E({y;; ¢;]) if y(x)= . Let us stress that
d({y:;,1) #d({7:;¢;}) because we mean that according to the “phase
exchanging trick” the elementary cylinder ¢; does not change the configura-
tion from E(g;) to I(g;). This leads us to the following representation for the
Z( y k. ))_

Lemma 2.3. For any finite simply connected volume ¥ and any
keZ*

S y=e 5 [Iwlr) [19() (2.11)

{trigleviks) j
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Proof. For unit V, Lemma 2.3 is obvious. Suppose that it is proven
for all ¥' < V. Then by Lemma 2.1

E(V*)=exp{—Bhk |V|}

x ¥ {H w(y:) exp{Bhl(y,) lv‘i|}5(y'f.'<rf>-3(vf’>)}

{rig}te vtk L

x {l_[ w(e;) exp{Bhi(c,) |} S(Ej‘.’“f"s“f’))}

J

= exp{ —fhk |V}

« ¥ {n w(y.) exp{ Bhi(y,) |v'.-|}5(y‘$"m‘m)}

{viig ) e vik) i

 {T1 (6 exp{BhE() 15 (g}

J

Applying the induction hypothesis to the expressions in braces, we obtain

avey=e v g

{risg}Me v L g

X[ z Hw(vm)l;l»v(en)]}

{ymienl € }—,f’('f,)-s(‘,',')) m

x {H W(e;) [ 2 [Twe) I1 W(sq)]}
s (r,.:sq]esjf'ﬂ/l.s(cjn p p

=€_ﬂhklyl Z HW(YI)HW(su) I

{riiende vieh

Besides the partition function Z(V*"), we also use the partition
function

Zv* = Y W) (2.12)

{gle vtk

It is the sum over weakly compatible collections of elementary cylinders
peculiar to the phase ¢*) only. So we refer to Z(V*"') as the partition
function over the gas of the elementary cylinders of the surface ¢**’ (restricted
ensemble in the terminology of ref. 4).

Our last transformation of Z(¥*') consist of some grouping of y;.
For this purpose we fix some keZ* and we define a contour I'=
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{y*, y;, ™/} as the compatible collection of nonelementary cylinders with
the following properties:

(i) 7°*(I) contains the interiors of all other cylinders of I" and
E(y='(I) =k, while E(y;) #k, E(y™/)#k for all i, j.

(ii) For every j the interior 7™/ of the cylinder y'™/ does not contain
the interior of any other cylinder of I" and I(y"™/) =k, while I(y**') # k as
well as I(y;) #k for all i.

In other words the cylinder y**(I") is maximally external and the
cylinders y'™/(I') are maximally internal in the collection /. The volume
Supp(I") = 7"(I)\(U, 7"/(I}) is called the support of I'. To every cylinder
y, there corresponds a set

Supp,(IN) = ﬂ (FA\Y)

velJ<¥

and analogously we define a set

Supp ()= () F™\9)

ye ly#*y™

which corresponds to y*'. These sets are called the components of the
support of I” because they are mutually disjoint and their union coincides
with Supp([). It is important that the surface ¢(/”) uniquely defined by I
is constant on every Supp;(I), i.e., ¢(I") can be described as

o) =1(y,) if xeSupp;(I)
¢ =1(y) if xeSupp.([)
¢ =E™) if x¢Supp(l)

This shows that I' is the object peculiar to the phase ¢‘*’ and we put
E(IN)=E(y*)=1I(y"™/)=k. An arbitrary collection {y,;¢,]e V")
uniquely defines the configuration ¢({y,,; ¢,]). If we consider the connected
components of the set {xeZ ¢, ({ym;¢,])#k}, then it can be easily
checked that every such component is the support of some contour I". This
property justifies the definition of .

Two contours are called compatible if their supports are nonintersect-
ing. The collection of contours {I';} is called a compatible collection of
contours if any two contours in it are compatible. In terms of compatible
collections of contours the partition function Z(¥ *') can be represented
as
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spen=emit 3 Tivea 1)

{yisgle vikod

k...
e 3 #{((sow))
{ri}e vk 1

x {H [H W(v‘"""(l",))]

/ i

x [w(y™(I)) Z(Suppt,(1“,)('(7'°“<rm..,.i)]

X [H w(y;(17)) Z(SUPP.-(ﬂ)“""r”""")]} (2.13)

i

where the notation ¥ ™ is used for the not simply connected volume with
the boundary condition ¢ specified on ¥ and with some not mentioned
but clear from the context sign (+ or —) specified on the connected
components of dV. Define the statistical weight of the contour I'=

{yex\, ‘yia ,yinl,j} as
w(I)y=Z "~ Y(Supp(l)/ &1y
x [l_[ W()’im'j)] [w(y™") Z(Supp ()17 )]
J

X [H w(y,) Z(Suppi(F)‘"’"’"“')] (2.14)

Our final expression for Z(V ")) is the following.

Lemma 2.4. For any finite simply connected volume V and fixed

kel*
(k...)
EVk =iy z((v\(USupp(r,)>) )
{F/}GV“""' !

x [T w(r)) Z(Supp(r,)*-) (2.15)
{

Proof. If we substitute (2.14) into (2.13), then we obtain (2.15). |

Expression (2.15) is a typical cluster representation of the partition
function E(¥*)).1'9 Indeed, our clusters are objects of twofold origin:
contours and elementary cylinders. Both of them are labeled by the phase
#*): the external levels of elementary cylinders and the external levels of
contours are equal to k. Clusters interact only by means of the hard-core
compatibility condition: supports of contours are mutually disjoint, bases
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of elementary cylinders are mutually disjoint and do not intersect with
the boundaries of the supports of contours. [Clearly, 0 Supp(l') =
U j)'zi“"f w 7.1 To be precise we should mention that elementary cylinders
and boundaries of supports of contours are weakly compatible, which
means that sometimes they may touch each other. To pass from the cluster
representation of the partition function to the cluster expansion of its
logarithm we need “good” estimates for the statistical weights w(/") and
w(e). Up to now our calculations were quite general and, in fact, not
specific to the model under consideration. The construction of appropriate
estimations of statistical weights is of course most important and model
dependent. Here we follow the strategy of the dominant ground-states
theory,*® but our proofs are self-contained. First we prove the weak
version of part (i) of Theorem 2.1 to demonstrate our technique on the
simplest example.

Theorem 2.2. There exists a constant §,>0 such that for = f,
and

%exp{“‘ﬁ“%é}ghs%exp{_4B(k_l)_£6}

the model possesses a unique Z>-periodic Gibbs state generated by the
boundary condition ¢'*’,

Here and below we use the number 100 when we need some large
absolute constant. We do not mean that in all cases it necessarily should
be the same constant or that it is the optimal one. This fixed choice
produces other absolute constants and we often write them as 2-100,
4/100, etc., to show the origin of such constants.

Proof. Now we specify the notions of an elementary cylinder and
nonelementary cylinder. A cylinder y = (§, E, I) is called a nonelementary
cylinder, if

diam § > 100 min (E, - [‘—:—ﬁ ln(ﬁh):|> (2.16)

where [ -] denotes the integral part. The condition above is geometric, in
contrast with the energetic condition used in refs. 4 and 6. [t means that we
have no fixed order in powers of ¢ ~# as the borderline between the statisti-
cal weights of elementary and nonelementary cylinders. This is important
for the lemma below, which plays a key role in our proof. In it we estimate
w(e) and quantitatively describe the entropic repulsion phenomenon:
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Lemma 2.5. For any elementary cylinder ¢ define the statistical
weights

wole) =exp{—B || L)},  wi(e) =(e) — wo(e) (2.17)

Then for any = f; and k= —[(1/48) In(A#)] > 1 we have

(1) min(w(e), |w,(e)]) <exp {— % |&} L(g) — 4B min(E(¢), k)} (2.18)

(1) For any O<m<n

exp {—2 | V] exp(—4pm)— | V| exp( 48 min(m, k) — lf)O)}

L2
)

<exp{ ! = | V| exp(—4fm)+ | V] exp( 4B min(m, k) — l§0)}

(2.19)
Remark 1. Statements (i) and (ii) are united in one lemma because

we prove them simultaneously. We need (i) to compare Z(V'™"''}) for
different m and we need (ii) to estimate the statistical weight w(e).

Remark 2. The statistical weight w(g) of the elementary cylinder ¢
is the renormalized one. So Ww(e) # w(¢') for e=(& m,I) and & =
(&, n, I+ n— m). It makes the comparison of Z(V'™"’) and Z(V""?) more
complicated. To handle this difficulty we split w(¢) into the sum w(g)=
wo(e) + w {e) such that wgy(e} is invariant under vertical shifts and
represents the main part of Ww(¢) while w,(¢) is smail.

Remark 3. If h satisfies the condition

%exp{ 4ﬁk+1g0}<h<%e"p{ Aplk—1)— lgO}

of Theorem 2.2, then it follows from (2.19) that for m #k

exp(—Bhm | V) Z(V'™ ")
exp(—Bhk |V|) Z(V%")

<exp {_ 3 1V1 exp(—4f minrm, k))}

what means that ¢**) is a unique dominant ground state for these values
of h.
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Proof. For unit ¢ (i, for ¢ with [g] =1, |§]| =4) we have

ﬁ')(g) =¢ —4fL(e) — BhS(e) L{c)
Therefore, if L(e) < 100k, then

[w,(e)] e PLE2BRL(e) S e LD (g) e~ 4Ptk — D= F/100
B . .
< - _ ,
exp{ 100 |€] L(¢) — 4B min(E(e), k)

for B large enough. Most of the bounds which we obtain below are valid
only for f larger than some absolute constant. So we state it here and do
not mention it later. If L(¢)> 100k, then

wie)<exp{—2BL(g)} <exp {— % |&] L(g) — 4B min(E(¢), k)}

It is clear that Z(V'"™*))=1 if |¥|=1 and only unit elementary
cylinders contribute to Z(V'™) with [V|=1 as well as to Z(V'™1))
with | V] =2. Hence

=] m—1
Z(V(m))= 1+ Z e—4lir—/1hr+ Z e—dﬂr+/}hr (220)
r=1

r=1

where the first sum corresponds to the upward spikes (unit elementary
cylinders) and the second one corresponds to the downward spikes. The
entropic repulsion reveals itself in the fact that the number of downward
spikes depends onm. For V' with |F|=1 the estimation (ii) easily
follows from (2.20) and for V%) with |V| =2 it can be obtained in an
analogous way.

For larger volumes V the unit spikes also bring the main contribution
to Z(V™ N/Z(V™) and to show this we apply the induction on the
volume. Our aim is to reproduce (ii) for ¥ supposing that (i) is proven
for all ¢e V™). We extend the ensemble of elementary cylinders
introducing two copies of ¢ for every ¢ with

wi(e)] <exp {— L 1l L(e) — 48 min(5(o), k)}

We consider these two copies of ¢ as not weakly compatible with each
other and assign the statistical weight wq(e) for the first copy and the
statistical weight w,(e) for the second one. To avoid confusion, we denote
by p the elementary cylinders of the extended ensemble and we denote by
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w(p) their statistical weights. This w(p) is equal to w(¢) if p corresponds to
a nonsplit ¢ and it is equal to wq(g) or w,(g) if p corresponds to the first
copy or the second copy of the split &, respectively. Obviously we have the
representation

zv'm =¥ [Iwe) (2.21)

[pdevim)

with the bound

|w(p)| <exp {— 1:%0 17 L(p)}

for the statistical weight of p. This bound allows us to write down an
absolutely convergent cluster expansion for the logarithm of the partition
function (2.21).

Inzy'"™N= Y r(n)wr) (2.22)

ne pimo)

where the sum is extended over so-called polymers n belonging to the
volume V™). Every polymer n=(p') is a collection of elementary cylin-
ders p; with «; copies of every p; such that for every pair p,. and p,. there
exists a sequence p; = p, .., p,=p; With p, and p,  being not weakly
compatible (j=1,2,..,/—1). The statistical weight of 7 is defined as

w(m)=[] w(p,)*

1

The Mobius factor r(n) is equal to

™

i it/ Gmy
where the sum is taken over all connected graphs G(n) on the set of ¥, a;
vertices labeled by p; with the following property. If two vertices of G(n)
are joined by the edge, then the corresponding elementary cylinders are not

weakly compatible. |G(n)] is the number of edges in G(n).*'%'3 It is well
known!"® that

|r(n)| <exp{c ||} (2.24)

where || =3 ;a;|p,| and ¢ is a constant depending on the dimension. To
calculate 4=1n Z(V'™ ) —1n Z(V""’) note the following.
For # such that it contains at least one elementary cylinder p with

w(p) #exp{—BL(p) 15|}
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we have the bound

{r(m) w(n)| <exp {— %Tg(_) |} — 48 min(m, n,k)} (2.25)

because for these p

W(p) <exp { = 85171 L(p) — 4 min(E(p), k)
The number of polymers # with fixed |7| is greater than exp(c |#|), hence
the total contribution to 4 coming from the polymers n satisfying the
bound (2.25) is less than } |V| exp{ —4f min(m, n, k) — /100}.

The polymer n with

w(m) =exp {—/3 % wL(p) w}

is, of course, invariant under vertical shifts. This allows us to cancel a large
number of common terms in In Z(¥") and In Z(V**?). The polymers
which are not canceled contain at least one py with L(py) = min(m, n) = m.
If the number of the elementary cylinders in 7 is greater than 1, then
the total contribution to A given by these = is less than %|V|
exp{ —4p min(m, n, k) — p/100}.

Indeed, fix some elementary cylinder p, with L(py)>m and consider
an arbitrary polymer n 3 pq. If we delete p, from =, then 7 is desintegrated
into connected components =; such that n=(J;m)Up,, #; N7, =,
#,n po# . Denote by 4, the sum of |r(n) w(r)| taken over all n which
contain at least two elementary cylinders with at least one of them having
the length L > m. Then

4, <V > 2 r(m) w(n)|

po: P020,L(po)=m m:m3po

<V ) w(po) )y r(m)| [T w(n)

po: P020,L(po) = m (mj): = (Ujnj) po 7

<M T weoexplelpol) Y [ wlm)explcliy)
po: F020,L(po) =z m (m):m=(Ujr)upe J

<V ) w(po) exp(c |fol — B)

po: p030.L(po) = m

< T (1.+ S w(n) explc Iﬁ|+ﬂ)>

xX€py fiax

<V Y

po: 030,L(po)=m

x exp{—BL(po) |pol + ¢ 15l — B+ 150l exp(—B)} (2.26)

822/74/3-4-6
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If 4 <|p,o| <100, then the RHS of (2.26) is less than

V] exp{(2¢ +exp(— ) 100—B} 3 exp(—pdl)

I=m
< | V] exp{(2¢ +exp(—f)) 100 - B} 2 exp(—4pm)
1 B
If |§o| > 100, then the RHS of (2.26) does not exceed
[V ) exp{ —|Pol (2¢ +exp(—B) — BL(p,)) }

|Pol = 100, L(po) = m

<11 5 exp (10083 <317 exp (~4pm— 15

I=m

Clearly the contribution to 4 given by the polymers n=(p) with
|5l >4 and L(p)>=m is less than §|V| exp{ —48 min(m, k) — $/100}.

Thus an essential contribution to the difference 4 is given only by
polymers m=(p) with p being the unit spike. For these n obviously
rn)=1, w(n)=w(p)=e *¥) So we finally obtain

n—1
4=—|V Y e #4154 (2.27)
I=m
where |6 <4 |V] exp{ —4p min(m, k) — $/100}. This implies (ii).

Let us stress that the difference between V¢, V() and Y )
reveals itself in the following. If some elementary cylinder from some
polymer = touches 0V, then that = does not contribute to In Z(V'¢-~Ste)),
while it contributes to In Z(V ) and In Z(V " -5)),

Now we come to the second part of the induction step. Here our aim
is to reproduce (i) for £ = (§, E, I) supposing that (ii) is proven for all ¥V < &.
We need three simple lemmas.

Lemma 2.6. If diam V<100 min(m, k), then
e~ FmIViZ(p im0y = F(pim ) (2.28)

Proof. The lemma follows from the definition of the elementary
cylinder and from Lemma 2.2. ||

Lemma 2.7. For any finite volume V
e PmiiZ(yim Ny E(V ™)) (2.29)

Proof. The lemma follows from the positivity of w(e), w(y), from the
definition of Z(-), and from Lemma 2.2. |
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Lemma 2.8. For any finite volume V and O<m<n

(= (m,+)
‘-'.;((I[//(n‘_)))seﬂh(n—rn)l"l (2.30)
Proof.

E(V™)=Y exp{—BH(¢, | ¢V}
2%

=exp{fh(n—m) |V|} 3 exp{—BH($y +n—m| ¢7)}

(-1
<exp{fh(n—m) |V|} E(V™)

Partition functions ZE(V') and ZE(V™)) can be compared
analogously. |

Now we apply these lemmas and consider first ¢= (&, E, I) with
S(g)=1. Due to Lemma 2.6

E(85S) =exp(— PhE |&]) Z(EES),  E(E"S)=exp(—Bhl |§]) Z(E"®)
Hence the induction hypothesis (ii) can be applied to get the bounds

1
exp {5 el exp(—4BE)— BhL €] - || exp (_4[3 min(E, k)_l%)}
E(E“‘S))

<exp {2 |&| exp(—4BE) — BhL |&| + || exp <—4ﬂ min(E, k)‘%)}

(2.31)
If L <100k, then

. 1
2 |&| exp(—4BE)+ BhL || + |E] exp {—4,8 min(E, k)_Tgﬁ} <m

because diam £ < 100 min(E, k) and Bh<e~*#*~1) Hence

lwi(e)l <exp(—p 12| L)4 ] {L exp(—4B(k— 1)) +exp(—4BE)}

<exp <— % 18] L) exp{ —4f min(E, k)}

x.{SL Hi exp(—99£6 2] L+4ﬂ)}

<exp {— %6 || L — 48 min(E, k)}
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because |£| > 4. In the opposite case, if L > 100k, then
w(e) <exp {—B 18] L— BAL |g]

+ 217 exp(—4E) + 1l exp ( 48 min(E, k) ~ 5 )

1
Sexp{—ﬂ H L+ﬁ}

sﬂp{—ﬁ%mL—AM}

N

exp {— % 1] L — 4 min(E, k)}

The case S(g)= —1 is slightly more complicated. If L > 100k, then due
to Lemma 2.8

= =(1.5)
w(e)=exp(—p |8 L)%TS_))S

<exp{—f &l L+ BhL |&}
<exp{—f & L+L}

<exp{— i%lél L—4ﬂk}

<exp {— 1—§_0 |&] L — 4B min(E, k)}

Here we use the bound |&]| fh<|&] e *#*~ Y < 1, which follows from the
condition diam & < 100 min(E, k).
If L <100k and |Z] e ~*# > 1/100, then

] > ——e*#
and hence

1
o e? < diam § < 100E

Therefore

e and L=E—I>2E

E
~ 1000 10
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Again by Lemma 2.8
#(e) <exp{—P || L+ BhL ||}
<exp{—-BIEI|L+L}

exp{— I%IEI L} exp{—98£|§| iE}

exp {— I% H] L—4ﬁE}

<exp {— 1’%0 |&] L —4p min(E, k)}

VA

N

where the obvious estimation (98/100)(9/10) |&] >4 for |&| > 6 was used.
Finally, if L <100k and |&| e ~*# < 1/100, then

5
2|8 e *PE 1 BhL |8] +2 |&] e~ *¥' <4 |&] e~ + |&] 100ke ~*P* -V g

Therefore by Lemma 2.8

wi(e) <exp(—f 18] L) 2 || BhL <exp(—B |&l L) 2 |&] L exp{ —4B(k~1)}
On the other hand
E(™) = exp(— BhE |8]) Z(#)
by Lemma 2.6,
(") = exp(— Bhl |8]) Z(g"S)
by Lemma 2.7, and

(&) _ exp(—hl [E) ZE")
E(EE5)” exp(— BhE [2]) Z(EE)

= exp {—2 |€] exp(—4BI) + BhL ||

— |&] exp (—4[3 min(/, k) —%)}

by the induction hypothesis (ii). Hence,
wy(e) = —exp(—pf || L) 2 |¢|

| BhL -2 exp(—4[i1)—exp(—4ﬁ min(/, k)_Tg_O)l
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Now, if I<k, then

Iwy(e)l <exp(—B 2] L) 5 |&] L exp(—4BI)
<exp <— Tl(;_o 18] L—4BE>{exp (— % 18] L) 5L Iél}
98 4\ _
< e |~ (106 7)1
< exp {— -1% Hl L—4/3E}

<exp {—— % |&] L — 4B min(E, k)}

and, if 7>k, then

lwi(e)l <exp(—B |g] L) 5 12| L exp{ —4B(k — 1)}

Scxp{— %6|§| L—4Bk}
B . .
<exp {— 100 |&] L — 48 min(E, k)}

Thus condition (i) is reproduced.

To finish the proof of Lemma 2.5, let us repeat once more the order in
which our induction goes. Supposing (i) to be proven for all ¢ with |g| </
and (ii) to be proven for all ¥ with |V|</—1 and V' 1) with |V <],
we first reproduce (ii) for V') with |V|=1and for V" *) with |V|=1+1.
Then using this fact, we reproduce (i) for ¢ with |g|=/+1. |

Lemma 2.5 contains the estimations of w(e), but it also allows us to
estimate the statistical weight of contours.

Lemma 2.9. For any contour I'= {y, y,, y"™/}
w(l) < exp (—ﬂ 59 LO»y=) = B Y 17 Ly:) — B Y (7™ L™ )
i j
— 3 |Supp, ()| exp{ —4p min(I(y*"), k)}

- 13 ISupp(1)] exp{ ~4f min(1(y). )} ) @32)
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Proof. If we substitute the obvious bound

Z(Supp(I")*~1) > Z(Supp () *-) [ Z(Supp, (IN*~)

into the definition (2.14) and apply Lemma 2.5 to every term,

e ~Bhityd ISuppi(F)IZ(Suppi(r)(l(w).,..))
e—Bhk 'S"PP'(F)IZ(Suppi(F}“‘""’)

then we immediately obtain Lemma 2.9. |

Now we are ready to construct a cluster expansion for In Z(V %))
Here we use a scheme proposed in ref. 8. The cluster representation (2.15)
we rewrite now as

EW* )=ty [T w(l) ] #(enm) (2.33)
[Triemle VIRt m

where the sum is extended over compatible collections of clusters (ie.,
contours and elementary cylinders) belonging to the volume V") The
collection [I; ¢,,] is called a compatible collection of clusters if:

(i) Supp(I;)nSupp(l;-)=(F for any I',. and I,..

(ii) Any ¢, and ¢,,- are weakly compatible.

(iii) For any I, and ¢,, the boundary d Supp(/,) and ¢,, are weakly
compatible.

(iv) E(I})=Els,,)=k for any / and m.
For our purposes the result of ref. 8 can be formulated as follows.

Lemma 2.10. If there exist functions a(¢) and b(I") such that

Y wie') e 4 Y w(l") e" ) < b(IN)
& FnoSupp(l+ & I Supp(F ) Supp( I # & (2‘34)
and
w(e') e + Y w(I") e <a(e) (2.35)
EMNEED r-oSupp(lr')mé=
then
InzZ(V*hH= Z w(&) (2.36)
e vik)

where the series on the RHS of (2.36) is absolutely convergent, the statisti-
cal weight w(¢) of polymers ¢ is invariant under translations of Z?, and
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polymers &= (I;;¢;) are the collections of clusters with the following
property: any two elements of £ can be joined by the sequence of elements
such that every two neighboring clusters in this sequence are not
compatible.

Proof. Seerefl 8. |

Corollary. If the cluster expansion (2.36) is valid for In Z(V ),
then there exists the limit Gibbs state generated by the boundary condition

¢(k).

Proof. The limit probabilities of any compatible collection of clusters
can be directly written in terms of w(I'), w(e), and w(Z)."'® |

Lemma 2.11. Let
a(e) = |§| e P2® (2.37)

and
1
b(I“):TO—0 |Supp(I")| e ~*# 4 |3 Supp(I")| e ~#/2%° (2.38)

Then a(e) and b(I") satisfy (2.34)-(2.35).
Proof. The following two lemmas are important for our proof.

Lemma 2.12. Foranyu, t>0

Y, exp{—uB|j| L(y)} <exp(—jutp) (2.39)
y:F304F > ¢

Y, exp{—uB |7l L(y)} <exp(—3up) (2.40)
y: 73007 >1

Proof. Due to the connectedness of 3 the number of  with |j| =n
and $30 is less than e. So

fes] 0

2 exp{—uBlil L)} < Y exp(cn) ¥ exp(—upnl) <exp(—Liutf)

y:¥20.0F| > ¢ n=1t =1

If 750 instead of 20 and || =n, then there exists a point (0, g)e Z?,
lgl <n, which belongs to 3. Hence, the number of such % is less than 2ne™”
and we come to the same answer. ||
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Bounds (2.39) and (2.40) are quite standard and, in fact, we already
used them several times during the proof of Lemma 2.5.

Lemma 2.13. Consider a treelike graph T with the vertices v
labeled by an integer parameter n, and with the edges g labeled by two
integer parameters /, and n,. Denote by d(v) the number of edges incident
to the vertex v and suppose that:

(i) dv)<n,.

(ii) If some edge g leads to the vertex v’, then 100n, <n,.

Assign to every tree T the statistical weight

w(T)=[] C& exp(—pn,) [] exp{ -1, exp(—pBn,)} (2.41)

veT geT

where C2*) is the binomial coefficient. Then

Y w(T)<e (2.42)

Tinqn2!
where r(T) denotes the root of T.

Proof. We proceed by the induction on number of vertices in T.
Suppose that (2.42) is proven for all T with the number of vertices |7
less thang. Any tree T with |T| =g can be decomposed into root r,
edges g,,.., g which lead from the root to the vertices v,,..,v,, and
subtrees T,.., T, such that |T| <g and T, has v; as the root. Then

> w(T)
T iTl=qn 21
< Y exp(—fpn) Y. C,
np=1 S=1
S 0 oo [1:;/100]
<% 55 exn{~lexp(—pn))
i=1 n..i=1001,=l n=1
X Y w(T))
TilTi<qg—1L.r(TH)=v
<Y exp(—pn,) Y, Cf
nyp=1¢ =1

) ["l'i/loo]

i @
XH( DIEDIED) exp{—l,-exp(—ﬂn,)}exp(—%nu,ﬁ))

i=1 \ny=100 h=1 m=1



556 Dinaburg and Mazel

="§__:,exp(—ﬁn,)§ cs
x ’Ijl (é é. exp{ —/;exp(—fn;)} ] Vfl:oon.exp —§nv,_/3))
< i: exp(—fn, )fi‘l c’
X ,11 ("gl ’gl exp{ —/;exp(—fn,)} e’<1¢>(—40n.-ﬁ))

> o)

S Z exp Bn ) Z Cn, { Z exp(ﬂni) exp(—"35niﬂ)}
=1 i=1

ne=t ni=1

© n,

< Y exp(— }: c H exp(—30p5)

ny

< Z exp(—fn,) Z C;, exp(—30/B)

< Z exp(—fBn,){1 +exp(—30B8)}™" < exp(—1i1p)
For T with {T]=1 lemma is obvious. [

Returning to the proof of Lemma 2.11, we apply Lemma 2.12 and
obtain the bound

Y w(e') exp{a(e')}

EENIEYD
B 4 ~7 — i)
Sa;a';s#z exp {- m| & L(e") p exp { |€'] exp 200
. B . 1 B
< -~ Tn V<3 - 5=
|€] E':EZBOCXP{ 150'8 | L(e )}<2 |2 exp( 200>
Similarly,

) W(e') e“"*” < |3 Supp(T)| e A2

8 NadSupp(MN =

The estimation of other two terms entering in (2.34) and (2.35) is less
trivial. Here the key role is played by the following lemma.
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Lemma 2.14. Let
A0 =exp (= 4417 L0 - BE 17 Ltv)
~ BT L)
— }ISupp.(I)| exp{ — 48 min(IG*), k)}

— 43 Supp.(T) exp{ ~4f min(ir)k)}) (24

Then

Y W) e 0o (2.44)

I #4(rys0

Proof. Consider more carefully the geometry of a given contour /"=
{y*, y;, y™/}. The statistical weight exp{ — 3B [7| L(y)} is concentrated on
every cylinder of the contour I, but unfortunately the set of bases of these
cylinders is disconnected. We apply Lemma 2.13 to show that nevertheless
the statistical weights w(/") are summmable. For this purpose we complete
the set of bases of cylinders to the connected structure in the following way.
The interiors of cylinders from I” are partially ordered by inclusion. Choose
the minimal ones in the sense of this partial order and fix an arbitrary
point from Z? in the interior of every minimal cylinder. (Note that y™/
are the minimal elements, but in general not the only ones.) Draw inside
Supp([") the lines parallel to the first coordinate axis of Z? passing trough
all previously fixed points. The union of the lines and the bases of the
cylinders forms a connected subset of Z2 The bases of cylinders of I
cut lines into line segments. Some segments can be deleted from our
connected structure without destroying its connectedness and we delete
all of them. Consider two cylinders not separated by another cylinder.
The only line segment which passes from the base of the first cylinder to
the base of the second cylinder belongs to some Supp,.,(I'} and for the
different pairs of cylinders these segments are mutually disjoint.

Now we spread the statistical weight Ww(I") between the elements of the
connected structure just constructed. We assign the statistical weight
exp{ —1B 7] L(y)} to every cylinder of I' and we assign the statistical
weight exp{—3|p| exp(—4B min(I(y;), k))} to every line segment
peSupp,(I") of length {p|. Obviously the product of these statistical
weights taken over all cylinders and all line segments of /" remains less than
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or equal to Ww(I") [due to construction the sum of the lengths of line
segments is less than |Supp(/)].

Let y'<9” be the notation for any pair of cylinders y’ and y” not
separated by the third cylinder and with 7' <§”. The observation which
allows us to apply Lemma 2.13 is the following. If some segment p joins §,.
and j;- for y,-<1v,., then the statistical weight of p is

exp{ —3 | pl exp(—4p min(I(y, ), k))}
while
diam ;- = 100 min(I(y; ), k)

If some segment p joins §,. and j,. with y;, y;»<7y,~and y, N 7;» =,
then the statistical weight of p is

exp{ —; | p| exp(—4p min(I(y;-), k))}
while
diam §,. > 100 min(I(y,~), k)

Up to nonessential details we fit now into the conditions of
Lemma 2.13. The cylinders ye I" correspond to vertices v of the tree with
n,=1|j| and segments pe Supp;(I") correspond to edges g with I, =|p|,
n,=min((y,), k). The binomial coefficient C4* counts the number of
possibilities to choose the starting points of the segments beginning from a
given cylinder. The cylinder y**' corresponds to the root of the tree and by
our construction diam 7*' > 100k.

This identification proves Lemma 2.14. ||

Applying Lemma 2.14, we obtain
y W) e < Y W(I)

I’ Supp(I’) Supp( Ny # & I :Supp(I5YnSupp(N# &

< Y Y w(Il")

xeSupp(ln) I':7Y(IM)ax

1
< ~ 100k < — — 48k
Lo 705 ISupp(D)l e

x e Supp(/l)
Similarly,
Z w(l")e® g Z Z w(l'")
T :oSupp(IMmi# Q@ xe€& I'':¥I')ax

. 1
<|8|e—lmﬁk<§|8|e—ﬂ/200

which proves Lemma 2.11. ||
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To finish the proof of Theorem 2.2, it is necessary to establish the
uniqueness of the limit Gibbs measure just constructed. For this purpose
consider a large square volume V with an arbitrary boundary condition
@ Let us denote such a volume as ¥'¥. For any compatible collection of
clusters [I; ¢,,] € V¥ the statistical weight of the clusters not touching ¥
is the same as for the standard boundary condition ¢'** but the statistical
weight of the clusters touching 8V is changed depending on ¢,.. If some
cluster touches ¥ by g bonds such that along these bonds ¢ = ¢, n £k,
then the additional factor exp(2fiq |[n — k|) enters the statistical weight of
contour I, (or elementary cylinder ¢,) with sign(n—k)=S(y"*(I"})) [or
sign(n —k)=S(e,,)]. So we join all clusters which touch 8V into one
object. This union of clusters we denote by 2 and we call it a boundary
cluster. Let Supp(Q2) be the union of the supports of contours of £ and let
& be the union of the bases of elementary cylinders of €. The boundary
cluster Q generates the boundary condition ¢*’ on the volume V\Supp(Q).
Hence the results of ref. 15 imply that for the uniqueness in the class of
Z*-periodic limit Gibbs states it is sufficient to verify the following lemma.

Lemma 2.15. For an arbitrary boundary condition ¢, and for
some constant 0 <a <1 the probability of the event {|Supp(Q)l > V*}
tends to zero as V » Z°.

Proof. The probability of any boundary cluster  is less than its
statistical weight. The statistical weight of £ is the product of the statistical
weights of elementary cylinders ¢,(£2) and the statistical weights of
contours I,(R2). The modified statistical weight of any ¢,,(£2) remains less
than or equal to 1. For any contour I",(R) its modified statistical weight is
less than

exp{2B [ (L) 0 oV LG (T )} w(l)

Therefore it follows from the proof of Lemmas2.13 and 2.14 that the
probability of Q with fixed |Supp(£2)| is less than

exp{2f max (¢,) 10V] — 3 ISupp(£2)] exp(—4fk)}

which proves the lemma. |

Let us now return to the proof of Theorem 2.1. The main difference
between the two theorems is the following. For

%exp(—4ﬁk—%)<hS%exp(—4ﬁk+£6) (2.45)
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Lemma 2.5 implies that the partition functions
e—ﬂhk|V|Z(V(k.')) e-ﬂh(k+l)|V|Z(V(k+l.'))

are approximately equal and exceed e ~#"MZ(V™ ) for m#k, k+ 1. So
we have two dominant ground states, ¢'*’ and ¢'** !, and one can apply
the Pirogov-Sinai theory in the spirit of ref. 15. Here we present the sketch
of the proof only, because the whole proof is quite standard and tedious.

At first we construct hf(f). For this purpose we complete the set of
elementary cylinders by all cylinders n=(7, k+ 1, k) and n=(f, k, k+ 1).
Obviously the representation (2.33) remains valid for Z(V'*")) and
S(V*+1°)) but we do not have a good bound on Ww(n). Hence the cluster
expansion cannot be written for In Z(V* ")) and In Z(V*+!) directly.
Instead of this we introduce the truncated statistical weight

w(nn) =min(w(n), exp{ —3B |fil L(n)}) (246)

and the corresponding truncated partition functions E(V'*’) and
E( V(k+ L ))‘
The arguments below show that for fixed § the equation

1 = 1 =
lim —In Z(V*)= lim —in (¥ &+ 4
T AT ) 240

has a unique solution in segment (2.45). It follows from Theorem 2.2 that
for h=(1/B) exp(—4pk + p/100)

Sy =5k, Sk < Bk

and hence

1 - -
a=l/li-{‘rlzz|—7|{ln E(v* ) —In E(V*+t >0 (2.48)

Analogously at the point h = (1/8) exp(—4pk — /100)
E(V(k-#— - )) = 5( V(k+ I ))’ E( V(k‘. )) < E( V(k,- ))

and a <0. According to the cluster expansion of type (2.36) one can write
down the representation

k +
a=pre ¥ Mo wEY (249)

ek ka0 |é_l\| gk+l: gk+l 50 |£k+l|
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where &, £¥*! are polymers for the corresponding truncated models and
&k, E¥+! are their interiors. It can be checked that the derivative aj, is
positive for & from segment (2.45) because the derivative of the first term
in (2.49) is equal to 1, while the absolute values of derivatives of the last
two sums are much less than 1.

By induction on the volume it can be easily shown that

E( V(k+ i,- ))=E( V(k+ l.-))’ E(V(k.'))=5(V(k.~))

for h being the solution of (2.47). Hence this solution of Eq. (2.47) defines
the coexistence curve h¥(f) of phases ¢'©’ and ¢** " on the phase diagram.
The proof of the uniqueness of limit Gibbs states generated by the
boundary conditions ¢*) and ¢* * ! in the class of Z*-periodic Gibbs states
is analogous to the proof of Lemma 2.15.

The case a > 0 is slightly more complicated. Again by induction on the
volume one can verify that

win)=w(n),  Z@)=2G7)

for n with

diam 7 g(’% (2.50)

Using this fact, it is possible to prove that
w(n)=w(n)

for any n=(#, k,k+1). Indeed, let n, be the minimal cylinder with
w(n,)#w(n,). Denote by {n;}**' a compatible collection of external
cylinders n,=(fi;, k+1,k)eqf**"*) with diam #j,> B/6a. The partition

function Z(7%*'*’) can be represented as the sum

B¢t = ¥ EUSt ) [Texp{ =B 1 Lin)} G~ (251)

{nifext

where U=#,\(U;7;,) and Z(-) denotes the partition function over
compatible collections of cylinders different from n=(#, k+1, k) with
diam 7 > f/6a. By construction

Eak-N==2@k, EaE ) =E05")

E(U(k+l'+))S§(U(k+l’+))
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Applying Lemmas 2.13 and 2.14, one can easily carry out the summation
over {n;}**' and prove that

Slk+1,+)

= ._,EU(k+l'+)
et o & ' exp{ =817 Ltn)}

B ) e BUSYY)

<X exp{—aIU|+€‘ﬂIﬁ*l}l__[CXP{—(ﬂ~e_”)lﬁil L(n:)}

nijen

<exp{e ™’ |7l }

which contradicts the assumption w(n,)# Ww(n,). If w(n)=1w(n) for any
n={(#, k, k+ 1), then

E‘-"( V(ks))___ E(V(k" ))

for any finite volume V. This proves the existence of the limit Gibbs state
generated by the boundary condition ¢*). The proof of the uniqueness of
this state in the class of Z2-periodic Gibbs states is similar to the proof of
Lemma 2.15.

The case a <0 can be considered in an analogous way. |
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